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A three-dimensional flux-based thermal analysis method has been developed and its capability is demonstrated
by predicting the transient nonlinear temperature response of a swept cowl leading edge subjected to intense
three-dimensional aerodynamic heating. The predicted temperature response from the transient thermal analysis
is used in a linear elastic structural analysis to determine thermal stresses. Predicted thermal stresses are
compared with those obtained from a two-dimensional analysis which represents conditions along the chord
where maximum heating occurs. Results indicate that a three-dimensional analysis could be required to predict

accurately the leading edge thermal stress response.

Nomenclature
c = specific heat
E F, G = x, y, and z flux components, respectively
H = heat load
h = convective heat transfer coefficient
k = thermal conductivity
¢ = chordwise coordinate
M = Mach number
M] = mass matrix
{N} = vector of element interpolation functions
[N] = row matrix of element interpolation
functions
q = aerodynamic heating
4., q,, q. = components of heat flux in x, y, and z
coordinate directions, respectively
{R} = lpad vector
r = radius
S = spanwise coordinate
T = temperature
T, = fluid recovery temperature
T. = surrounding medium temperature
t = time
U = conservation variable
1% = element volume
X, v,z = coordinate directions
= sweep angle
AT = change in temperature per time step
At = time step
AU = change in conservation variable per time
step
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£ = emissivity

0 = circumferential angle

log = Stefan-Boltzmann constant

oc = peormal stress in chordwise direction
O = normal stress in spanwise direction
0y, 0,, 0,, = components of stress tensor

Txy7 Txz> Tyz

Subscripts

S = structural

T = thermal

1 = element internal flux

2 = flux across element boundary
Superscripts

n = time step index, " = nAt

T = transpose

Introduction

HE ability to predict accurately the structural response

induced by thermal effects is an important factor in the
structural design of high-speed aerospace vehicles. Intense
aerodynamic heating of hypersonic vehicles which operate at
high Mach numbers may produce severe thermal stresses that
can reduce the structural performance and may cause struc-
tural failure. Detailed temperature distributions are required
for the structural analysis to predict the thermal stresses ac-
curately. Research is underway at NASA Langley Research
Center to develop efficient computational methods to predict
accurately the thermal-structural response of hypersonic air-
craft subjected to severe thermal loading conditions.

A two-dimensional, flux-based, finite element method has
been used recently to predict the aerodynamic flow-field and
thermal-structural response for high-speed flow over leading
edges.! This integrated approach applies a Taylor-Galerkin
algorithm to the governing equations expressed in conser-
vation form. The flux-based finite element method has com-
putational benefits over conventional, nonlinear finite ele-
ment analysis capabilities.? For example, this formulation results
in finite element matrices that can be evaluated in closed form,
thereby, avoiding the expensive numerical integration which
is required in conventional finite element codes. Also, ma-
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terial nonlinearities can be implemented easily without re-
quiring regeneration of the finite element matrices. Because
these advantages improve computational efficiency over con-
ventional methods, the flux-based algorithm should be more
suitable for solving complex problems.

During hypersonic flight, the flow field over a leading edge
is normally three dimensional, therefore, the leading edge
requires a fully three-dimensional thermal-structural analysis.
To accommeodate this need, the flux-based algorithm of ref-
erence 1 has been extended to include a three-dimensional,
linear, quasi-static structural analysis capability.? In this pa-
per, the flux-based algorithm is further extended to include
a three-dimensional, nonlinear thermal analysis capability.
The focus of the paper is the application and evaluation of
this three-dimensional analysis capability to predict the ther-
mal-structural response of an actively cooled swept-cowl lead-
ing edge subjected to skewed shock-shock interference heat-
ing. Mechanical loads, such as the external aerodynamic
pressure and the internal coolant pressure, are neglected in
the analysis. Results are compared to those obtained from a
two-dimensional analysis of the leading edge.

Thermal-Structural Formulation
Governing Equations

Heat Transfer

The transient thermal response of the structure is governed
by the energy equation, which, in conservation form, can be
written as

0Ur | Ep) , 3(Fp) , 3(Gy)
at ox ay 9z

= H; M

where the subscript T denotes the thermal formulation, U is
the conservation variable, E, F,, and G, are the heat flux
components, and H; is the heat source term. For transient
heat conduction with no internal heat source, these quantities
are

aT
U, = pcdT;, E,=gq,= —k o Fr =g,
aT aT
= ~k5;, G,=gq,= "kaz, Hr=0 )

where p is the density, ¢ is the specific heat, k is the thermal
conductivity, and 7 is the temperature. As shown in Eq. (2),
the components of heat flux in the three coordinate directions
(4., g,, and q,) are assumed to be related to temperature
gradients by Fourier’s law. Both specific heat and thermal
conductivity may be temperature dependent.

Structural Response

The formulation of the structural equations is covered in
detail in Ref. 2, and only the governing equation is given here
to show the generality of the flux-based algorithm. The static
structural response is governed by the equilibrium equations
in conservation form

oEg) , F , ¥Gs)
dx ay 0z

=0 &)

where the subscript § denotes the structural formulation. The
vectors {Es}, {Fs}, and {G,}, which contain the stress com-
ponents are given by

{ES}T = [o-x Txy 7xz]
{ES}T = [Txy O-y Tyz]
{GS}T = [sz Tyz O-z] (4)
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where the stress components o, o,, @,, 7,,, 7,,, and 7, are
assumed to be related to displacement gradlents and the tem-

perature by generalized Hooke’s law.

Solution Procedure

For simplicity, the thermal or structural conservation equa-
tion is written in the form of a single equation as

U 8E oF 3G
—+—+ =+ —= = &)
dt ax ay a9z

where the first term is zero for the quasi-static structural for-
mulation.

An explicit, first-order-accurate, time-marching algorithm,
the flux-based Taylor-Galerkin algorithm, is used to solve the
energy equation for the temperature distribution at various
time steps. The basic concepts of the Taylor-Galerkin algo-
rithm are to 1) use a Taylor series expansion of the conser-
vation variable in time to establish recurrence relations for
time marching, 2) eliminate the time derivatives in the Taylor
series using the governing equation, and 3) use the Galerkin
method of weighted residuals® for spatial discretization. A
detailed description of the Taylor-Galerkin algorithm is given
in Refs. 4 and 5.

The structural equilibrium equations are also discretized
using the Galerkin method of weighted residuals. The struc-
tural formulation is quasi-static in that the discretized equi-
librium equations are solved using the temperature solution
from a particular time level as the structural load. The feature
of the flux-based algorithm, which differs from the conven-~
tional finite element method, is to express the variation of
the element fluxes E, F, and G in the same form as the element
dependent variable U, that is

Ux,y,z,t) = [N(x,y,2){U@)}
E(x,y,z,t) = [N(x.y,2)E(0)f
F(x,y,z,t) = [NGx,y,2)KF ()}
G(x,y,z,t) = [N(x,y,2)AG()} (6)

where [N(x,y,z)] is the row matrix which contains the element
interpolation functions for an 8-noded hexahedral element,
and {E}, {F}, and {G} are the vectors of the element nodal
quantities. This feature removes the necessity of reforming
the element matrices at every time step when temperature
dependent material properties are modeled.

Finite Element Equations

The transient thermal finite element equation is written in
the form

= {R}} + {R}3 (™)

where [M] denotes the mass matrix

[M{AUY

M) = | ywiav ®)

which is diagonalized by correcting the mass at the node points.
The vectors {R}, and {R}, are associated with the fluxes within
the element and across the element boundary, respectively,
and {A U} is the change in the conservation variable between
the time steps ¢"*! and ¢" where t* = nAt. These vectors are
defined by

N}

R}, = At ( J AN }[N]dV{E} + f [N]AViF}

+ J’va{N}

[V ]dV{G}) )
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Ry, = -t [ (M[NIastg) (10)

The vector {g} contains the components of the nodal heat flux
normal to the element surface boundary. The thermal bound-
ary conditions are applied via the vector {q} expressed in Eq.
(10), where the surface nodal heat flux q is replaced by the
quantities representing any one of several different types of
boundary conditions

0 (insulated)
_J gs (specified heating)
=) T -T) (surface convection)
eo(T* — T%) (surface radiation) (11)

The structural analysis, which uses the linear flux formu-
lation, produces matrices identical to Egs. (9) and (10), where
E, F, and G are replaced by the nodal stress components
given in Eq. (4). More details on the formulation and bound-
ary conditions for the structural analysis are described in
Ref. 2.

In the present three-dimensional, finite-element, flux-based
thermal analysis code, {N(x,y,z)} contains the element inter-
polation functions for 8-noded, solid hexahedral elements.
The finite element equation, Eq. (7), is solved for the change
in the conservation variable by explicit time marching. The
change in the temperatures are then obtained from the change
in the conservation variable at each time step, where AU =
pcAT. The nodal heat fluxes are then evaluated—for ex-
ample, in the x direction, by assuming that 97/ax = (3[N]/
dx){T}—using the updated temperatures.

For the flux-based formulation, all element integrals, which
are given in Egs. (8)-(10), can be evaluated in closed form.
The use of these closed form expressions for the 8-noded
hexahedral element has been shown to reduce the compu-
tation time in the structural analysis code by a factor of five
compared to conventional finite element codes using numer-
ical integration.? Also, since the conductivity term is included
in the heat flux vectors in Eq. (9), regeneration of the element
matrices is not required for temperature dependent thermal
- conductivity.

Application

A hypersonic vehicle concept, its scramjet engine inlet, and
the flow pattern surrounding a cowl leading edge segment are
shown schematically in Fig. 1. The cowl leading edge consists
of a series of leading edge segments that are swept back 45
deg and arranged in a sawtooth pattern as shown in the figure.
In hypersonic flight, the vehicle nose bow shock must be
located close to the engine cowl bow shock if maximum mass
capture at the engine inlet and efficient engine performance
is to be achieved. A change in vehicle flight conditions can
‘cause the vehicle nose bow shock to pass across the engine
cowl bow shock producing a skewed shock-shock interaction
flow pattern surrounding the swept cowl leading edge. For a
Mach 16 flight condition, the portion of the cowl leading edge
above the vehicle nose bow shock is exposed to Mach 10 flow
which is turned 7 deg downward by the vehicle underbody as
shown in Fig. 2. The vehicle nose bow shock is at a 10 deg
incline as it intersects the 45 deg swept cowl leading edge,
which causes the shock-shock interaction to be skewed along
the span of the leading edge.

Several types of interference patterns®’ will be present along
the span of the swept cowl leading edge due to the skewed
shock-shock interaction. At the span location § = 0, where
the vehicle nose bow shock intersects the upper portion of
the cowl bow shock, a shock/boundary-layer interference pat-
tern is present. The interference pattern changes along the
span due to the skewed orientation of the shock-shock inter-
action. At the span location where the vehicle nose bow shock
intersects perpendicular to the cowl bow shock, a supersonic
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Fig. 1 Aerospace plane, scramjet engine inlet, and flow interaction
for engine cowl leading edge.
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Fig. 2 Skewed shock-shock interference patterns along span of cowl
leading edge.

jet impingement occurs. This interference pattern results in
a significant amplification of the heating rate on the leading
edge surface and is referred to as a Type IV interference
condition.” An expansion-fan/boundary-layer interference
pattern occurs at the other end of the span, where the vehicle
nose bow shock intersects the lower portion of the cowl bow
shock. The heat load on the surface of the cowl leading edge
produced by this skewed shock-shock interference pattern is
used to determine the thermal-structural response of the cowl
leading edge for this study.

Aerodynamic Heating

The aerodynamic heating rates on the surface of the swept
cow! leading edge used in the present thermal-structural anal-
ysis are based on results from an experimental study of a
swept cylindrical leading edge subjected to shock wave in-
terference.® The experimental setup produced quasi-two-di-
mensional shock interference patterns, which were used to
approximate a three-dimensional heating distribution for the
present configuration and freestream conditions as follows:
The heating rate distributions on the leading edge surface due
to the assumed interference patterns were chosen to match
the shapes of those obtained experimentally. The maximum
heating rate for a Mach 16 flight conditon and a leading-edge
radius of 0.125 in. was calculated for a zero sweep angle by
the EASI code® and then corrected to account for a sweep
angle of 45 deg.® The corrected maximum heating level was
then imposed on the experimental heating distributions. The
resulting heating rate distributions for the various interference
patterns were linearly interpolated to form a three-dimen-
sional surface heating distribution along the span of the cowl
leading edge. The resulting aerodynamic heating rate distri-
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bution on the upper surface of the cowl leading edge is shown
schematically in Fig. 3. Intense localized heating with a max-
imum value of 29,700 Btu/ft>-s occurs at a region on the sur-
face of the leading edge where the supersonic jet impinges
on the swept leading edge. The location of maximum heating
is about 28 deg above the stagnation line on the cowl leading
edge.®

Previous two-dimensional analyses using a transient heat
load for the condition where the nose bow shock sweeps across
the cowl bow shock have shown that almost the same results
would be obtained if the problem were solved quasi-stati-
caily.! Therefore, a steady aerodynamic heat load was used
in the present analysis.

Finite Element Models

The three-dimensional finite element model, used in both
the thermal and structural analysis, utilizes 8-noded hexa-
hedral elements which is shown in Fig. 4. The model consists
of 3696 nodes, 43 elements chordwise, 13 elements spanwise,
and 5 elements through the thickness. The leading edge model
has an outer radius of 0.125 in., an inner radius of 0.110 in.,
a chord length of 3 in. at z = 0, and a span width of 1.5 in.
at the nose portion of the leading edge. As shown in the figure,
the model is swept back 45 deg with respect to the z-coor-
dinate direction at y = 0, and the upper surface of the model
is parallel to the y coordinate direction where the lower sur-
face is at a 6 deg incline with respect to the y coordinate
direction. This finite element model is an idealization of the
cowl leading edge skin and neglects any connection with the
inner structure of the leading edge.

The leading edge material is assumed to be copper because
its high thermal conductivity enables the reduction of the
leading edge temperatures and temperature gradients by dif-
fusion of the heat. The temperature-dependent material prop-
erties for copper'® used in the transient thermal analysis are
shown in Fig. 5. All of the model boundary conditions used

Aﬁrodynamic
eating,
\\9 q | qA
30,000 M >
Btu 0 t
ft2- sec

1, Outfiow

F———
\‘_ Inflow coolant

T~

Fig. 3 Three-dimensional aerodynamic heating distribution on sur-
face of swept cowl leading edge.

3696 nodes
2795 hexahedral elements

3in

"Fig. 4 Thermal and structural finite element model.
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"Fig. 5 Temperature dependent properties for copper.
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Fig. 6 Boundary conditions

in the thermal analysis are shown in Fig. 6a. The aerodynamic

heating distribution, described previously and shown sche-
matically in Fig. 3, is applied to the outer surface. The inner
surface is convectively cooled with an assumed constant con-
vection heat transfer coefficient of 7.85 Btu/ft>-s-R, a value
achievable locally by the impingement of a sonic hydrogen
jet. In addition, this convection heat transfer coefficient was
doubled in the thermal analysis to represent the increased
cooling effectiveness of fins which would be present on the
inner surface of the leading edge skin if the geometry were
modeled in more detail. The initial temperature throughout
the model is equivalent to the coolant temperature of 50° R
and the inner surface convects heat to the coolant which is
assumed to be at a constant temperature of 50° R.

For the structural analysis, the leading edge model was
subjected to thermal loading only, using the steady-state tem-
perature distribution obtained from the thermal analysis and
a reference temperature of 530° R for the zero stress state.
Two sets of boundary conditions were studied in analyzing
the structural response of the leading edge model. The first
set of boundary conditions, for the case where both ends of
the span were fixed, are shown in Fig. 6b. The z constraints
shown in the figure prevent the nodes at both ends of the
span from moving in the z direction and the y constraints
prevent the nodes from moving in the y direction. The pin
constraint shown in the figure prevents motion in all direc-
tions. The second set of boundary conditions studied were for
a free end condition where the z constraints at the end of the
span, where z = 1.5 cos 45 deg in., were removed from the
model.

The two-dimensional thermal-structural model used for
comparisons in the present study was obtained by taking a
two-dimensional slice of the three-dimensional model in the
chordwise direction. The location of this slice is the span
location where the supersonic jet impingement occurs and the
heating is a maximum. The two-dimensional model contains
one layer of hexahedral elements in the z direction and the
same element discretization in the x—y plane as the three-
dimensional model shown in the detailed enlargement of the
leading edge nose in Fig. 4. For the two-dimensional plane
strain structural analysis, where the structural boundary con-
ditions are shown in Fig. 6b, the leading edge model is sub-
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jected to thermal loading obtained from a two-dimensional
thermal analysis. Results of the transient thermal and quasi-
static structural analyses are presented in the following sec-
tion.

Results and Discussion

Thermal Analysis

Calculated temperature histories at four different locations
on the surface of the leading edge, labeled Points A through
D, are shown in Fig. 7. The high thermal diffusivity of the
.015-in. thick copper leading edge results in a rapid thermal
response of the structure, and the solution reaches a steady-
state condition in approximately 0.02 sec. Point B is the lo-
cation where the maximum heating rate occurs on the surface
of the leading edge as a result of the supersonic jet impinge-
ment. At Point B, a maximum temperature of 1000° R is
achieved for the steady-state condition. Points A, C, and D
were arbitrarily selected to show the large difference in the
steady-state temperature solution at points located farther
away from the supersonic jet impingement location. The cir-
cumferential surface heating rate distribution on the leading
edge nose at the span location where the supersonic jet im-
pingement occurs is shown in Fig. 8. The curve describes the
surface heating rate, g, as a function of the angular location,
0, along the circumference of the leading edge nose. A max-
imum heating rate of 27,900 Btu/ft>-s occurs at 6 = 28 deg,
the location where the supersonic jet impingement occurs.
The finite element nodes of the discretized leading edge were

1200
800
Tempoell:'*ature,

o] /r
L/
1 i

0 .01 .02
Time, sec

Fig. 7 Transient surface temperatures at several point locations on
surface of leading edge.
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Fig. 8 Circumferential surface heating rate distribution on leading
edge nose at span location, S = 0.5 in.
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Fig. 9 Circumferential surface temperature distributions at § = 0.5
in., for three times during transient thermal analysis.
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Fig. 10 Spanwise surface heating rate distribution at § = 28 deg.
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Fig. 11 Spanwise temperature distribution at § = 28 deg, for three
times during transient thermal analysis.

located to represent the thermal gradients based on this heat-
ing rate distribution and are shown by the symbols in the
figure. Corresponding transient surface temperature distri-
butions are shown in Fig. 9 for three values of time of the
transient thermal response. This figure reveals a peak tem-
perature of 1000° R at 8 = 28 deg for the curve at ¢+ = 0.02
sec, which has been shown to be the steady-state condition
in Fig. 7. Although this figure indicates large temperature
gradients at all three times shown, the maximum temperature
gradient, 19,804° R per in. at § = 25 deg, occurs for the
steady-state condition. Since thermal stress is dependent on
thermal gradients, the steady-state temperatures are a likely
candidate for use as the thermal loading in the structural
analysis for determining maximum thermal stress. The span-
wise surface heating rate distribution of 8§ = 28 deg is shown
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in Fig. 10. This curve represents the heating rate, g, as a
function of location along the leading edge span, S, at the
circumferential location 8 = 28 deg on the leading edge nose.
The leading edge model was discretized in the spanwise di-
rection based on this heating rate distribution, where the node
locations are shown by the symbols. The corresponding span-
wise surface temperature distributions along 8 = 28 deg are
shown in Fig. 11 for three values of time during the transient
thermal analysis. As with the circumferential temperature gra-
dients, the maximum spanwise temperature gradient occurs
for t = 0.02 sec, the steady-state condition, although the
curves for lower values of time also show large temperature
gradients. A relatively large spanwise temperature gradient
of 3052° R per in. between s = 0.3 and s = 0.4 in. occurs
for the steady-state condition due to the skewed orientation
of the incident shock. Transient temperature distributions
through the thickness of the leading edge at the supersonic
jet impingement location are shown for three values of time
in Fig. 12. Also shown is a contour plot of the temperature
distribution along a chordwise slice for the steady-state con-
dition. The nearly linear temperature distributions through
the thickness of the leading edge for the three times shown
confirms the ability of copper to diffuse heat rapidly through
the thickness. Because the inner surface of the leading edge
is subjected to convection cooling with a coolant temperature
of 50° R, a maximum temperature gradient of 26,000° R per
inch through the thickness occurs near the outer surface for
the steady-state condition. The high density of contour lines
at the nose of the leading edge indicates that large temper-
ature gradients exist through the thickness of the leading edge
at the location of the supersonic jet impingement.

A contour plot of the steady-state surface temperatures is
shown in Fig. 13. A peak temperature of 1000° R occurs at
the location where the supersonic jet impinges on the surface.
The high density of contour lines in the vicinity of the peak
are associated with large temperature gradients on the surface
of the leading edge. The temperature distributions presented
and shown in Figs. 9, 11, and 12 reveal maximum temperature
gradients for the steady-state condition at # = 0.02 sec. There-
fore, the steady-state temperature response for the leading
edge is used for the thermal loading in the static structural
analysis to determine the maximum thermal stresses.

Structural Analysis

A contour plot of the normal thermal stresses in the span-
wise directions (o) on the surface of the leading edge model
is shown in Fig. 14 for the case where both ends of the span
are fixed. A maximum compressive stress of — 300 ksi is ob-
served near the location of the supersonic jet impingement.
Since the yield stress for copper is only 2530 ksi, these results
suggest that a plastic analysis is necessary to predict realistic
thermal stresses for this case. A contour plot of the normal
thermal stresses in the spanwise direction (o) on the surface
of the leading edge model for the case where one end of the
span is free to move is shown in Fig. 15. A maximum com-
pressive stress of —300 ksi is predicted, which once again
would indicate a need for a plastic analysis. A point of interest
is both cases predicted the same maximum compressive stress
of —300 ksi. Having the same maximum thermal stress for
the free-end case as for the fixed-end case indicates that the
peak stress is due to the local thermal gradients and the effect
of boundary conditions is negligible. The thermal displace-
ments obtained for the free-end case results in the leading
edge deformation shape shown in Fig. 16. This figure indicates
large deformations in the vicinity of the supersonic jet im-
pingement compared to the rest of the leading edge model.

Thermal stress results from the two-dimensional, plane strain
structural analysis are compared in Figs. 17 and 18 with the
three-dimensional results, for both the fixed-end and free-end
boundary condition cases. The normal stresses in the spanwise
direction are plotted as a function of the chordwise coordi-
nate, £, at the span location of the supersonic jet impingement
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Fig. 12 Steady-state temperature contours at S = 0.5 in., and tran-
sient temperature distributions through thickness of leading edge at S
= (.5 in. and @ = 28 deg, for three times during transient thermal
analysis.

650°R

Fig. 14 Spanwise stress contours for both ends fixed boundary con-

ditions.

Fig. 15 Spanwise stress contours for one end fixed and one end free-
boundary conditions.

as shown in Fig. 17. All three cases show relatively low stresses
over most of the chord with a large spike occurring in the
region where the supersonic jet impinges on the surface. The
maximum spanwise stress predicted from the two-dimensional
plane strain analysis (—380 ksi) is 26% greater than that
predicted from the three-dimensional analysis (—300 ksi).
Since the temperature distribution obtained from the two-
dimensional thermal analysis was found to be nearly the same
as that obtained from the three-dimensional analysis at this
span location, the difference is due to the spanwise temper-
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Fig. 16 Leading edge deformation shape for free end boundary con-
ditions.
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Fig. 17 Chordwise variation of spanwise normal stress at span lo-
cation, S = 0.5 in.

— Fixed-end
—— Free-end { 3-D
---- Plane strain| 2-D

100 in.
[
1205 3 4
£, in.

Fig. 18 Cherdwise variation of chordwise normal stress at span lo-
cation, S = 0.5 in.

ature gradients. The normal chordwise stresses are plotted as
a function of the chordwise coordinate at the span location
of the supersonic jet impingement in Fig. 18. The chordwise
stress distribution shape resembles the spanwise stress distri-
bution, but the magnitude of the chordwise stresses are much
less than the spanwise stresses. However, the maximum
chordwise stress predicted from the two-dimensional plane
strain analysis (—60 ksi) is 40% below the maximum chord-
wise stress of - 100 ksi predicted from the three-dimensional
analyses.
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Concluding Remarks

A flux-based finite element formulation was developed and
used to predict the three-dimensional thermal-structural re-
sponse of a swept cowl leading edge subjected to skewed
shock-shock interference heating. The thermal analysis re-
vealed large temperature gradients for the swept cowl leading
edge due to the intense, localized point heating caused by the
impingement of a supersonic jet and the skewed orientation
of the incident shock from the vehicle nose. Since maximum
temperatures and thermal gradients occurred during the steady-
state condition, these temperatures were used in the structural
analysis to calculate thermal stresses. A maximum compres-
sive stress of —300 ksi was predicted for both the fixed-end
and free-end boundary condition cases studied. Therefore,
boundary condition effects were negligible because the lo-
calized maximum stress was due to large thermal gradients in
the vicinity of the supersonic jet impingement, and the dis-
tance from this region to the boundaries was relatively large.
Since the yield stress for copper is only 25-30 ksi, the results
suggest that a plastic analysis is needed to determine realistic
thermal stresses and the resulting deformations for the leading
edge model. Finally, results from the three-dimensional struc-
tural analysis may differ substantially from those of two-di-
mensional analyses—as much as 40% in the present case.
Because the two-dimensional analysis was shown in this study
to be unconservative by predicting lower chordwise stresses,
it is concluded that three-dimensional analyses could be re-
quired in future evaluations of leading edge designs.
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